Abstract. We construct a 40-dimensional extremal Type II lattice not having any subsets cosisting of 40 orthogonal minimal vectors, and determine the automorphism group. This lattice gives an example different from the 16470 lattices constructed from binary codes by classical constructions.
Introduction
Let L be a lattice, which is a free Z-module of finite rank with a positive definite symmetric bilinear form:
The lattice L is integral if x · y ∈ Z for all x, y ∈ L, and furthermore L is said to be even if x · x ∈ 2Z for all x ∈ L. We denote by L ∨ the dual lattice of L:
It is obvious by definition that L ⊂ L ∨ if and only if L is integral. The lattice L is said to be unimodular when L = L ∨ . An even unimodular lattice is also called a Type II lattice. It is well-known that the rank of a Type II lattice is a multiple of 8. We denote by min(L) the minimal norm of L which is the minimum of norms x · x for all x ∈ L \ {0}. By the theory of modular forms, the minimal norm of an n-dimensional Type II lattice L satisfies min(L) ≤ 2(1 + ⌊n/24⌋), and the lattice L is said to be extremal when the equality holds. We regard an n-dimensional lattice L as being in R n with the canonical inner product, and write an element of R n as a row vector. Then x · y = x t y for x,y ∈ R n . A 4-frame is a subset of R n consisting of n orthogonal 4-vectors:
According to Theorem 1 of [7] , an even lattice with a 4-frame is constructed from a doubly even binary code, and by Theorem 3 of [7] we see that an extremal doubly even self-dual binary code of length 40 corresponds bijectively to a 40-dimensional extremal Type II lattice with a 4-frame. Then it was shown in [1] that the number of extremal doubly even self-dual binary codes of length 40 is 16470. Further by [6] all extremal doubly even self-dual binary codes of length 40 are obtained as the residue codes of some extremal Type II quartary codes of the same length. As a result, we know that there are exactly 16470 extremal Type II lattices of rank 40 with a 4-frame and they are constructed from extremal doubly even self-dual binary codes or some extremal Type II quartary codes of length 40. On the other hand, by [12] there are more than 8.45 × 10 51 extremal Type II lattices of rank 40, whereas so many examples do not seem to be known: Mckay's M 40 , the lattice (U 5 (2) × 2 1+4 − .Alt 5 ).2 in the website [8] (we simply denote this lattice by N 40 in this paper), and furthermore the 16470 lattices with a 4-frame e.g. three lattices L 1 , L 2 , L 3 in [9] , the lattice constructed in [2] from a double circulant code over Z/4Z. Note that perhaps M 40 , N 40 may belong to the 16470 examples.
Recently in [14] an extremal Type II lattice of rank 64 was constructed from a generalized quadratic residue code of length 32 and the discriminant group of an even lattice of rank 2. In the same way, we shall construct a certain 40-dimensional lattice denoted by O 40 as an overlattice of the lattice with a Gram matrix (1) 6I 20 3I 20 3I 20 12I 20 , where I n denotes the unit matrix of rank n. Our results are as follows: 
as a sublattice, where A n (2) denotes the lattice arising from scaling up the irreducible root lattice A n by √ 2 and ⊕ denotes orthogonal sum.
Let L be the lattice with a Gram matrix given by (1) . We denote by L + M the lattice consisting of the vectors v + u for all v ∈ L, u ∈ M . Then one has the following: Results in this paper are based on calculations done by using GAP [5] and PARI/GP [11] . Those computational data files are available upon request addressed to the author.
This implies that
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Construction
We construct a 40-dimensional extremal Type II lattice as an even overlattice of an even lattice using two generalized quadratic residue codes. As references on this section, the readers are recommended to see [4, in particular 3.3] and [14] .
Let R be the 2-dimensional even lattice with a Gram matrix 6 3 3 12 , and let L be the 40-dimensional even lattice which is the orthogonal sum of 20 copies of R. Then a Gram matrix of L is written as in (1) 
is an abelian group of order 63 20 and which has a natural bilinear form Then D L can be written as
We consider a subgroup C of D L satisfying the conditions 10 , where |C| denotes the cardinality of C.
It is easy to see that L C is even by (i) and also unimodular by (ii). We will give C by utilizing a direct product of two generalized quadratic residue codes of length 20 over Z/3Z and Z/21Z.
Let A be a commutative ring with unity and let A n be the free Amodule which is the direct product of n copies of A. We give a numbering (1, 2, 3 , . . . , 18, 0, ∞) to the coordinates of A 20 , and identify a finite field F 19 with {1, 2, . . . , 18, 0}. Then a generalized quadratic residue code of length 20 over A with a parameter (a, b, d, s, t, e) ∈ A 6 is a A-submodule of A 20 generated by the vectors u 1 , . . . , u 18 , u 0 , u ∞ which are defined as follows:
where χ 19 denotes the Legendre character modulo 19. Let C n be a generalized quadratic residue code of length 20 over Z/nZ with some parameter, and let u i and w i be the row vectors of 20 components which are the generators of C 3 and C 21 respectively, defined as above. We denote by C 3 × C 21 the subgroup of D L generated by the direct product
Further (ii) is replaced by
Then det(B) = 63 10 , where det(B) is the determinant of B.
We search a code C 3 × C 21 satisfying (i') and (ii'). Exploring by a computer one finds the code satisfying the conditions, which has a pair of parameters (1, 0, 0, 0, 1, 1) ∈ (Z/3Z) 6 and (0, 7, 1, 0, 4, 17) ∈ (Z/21Z) 6 .
Then the matrix B can be written as the form
where B 1 and B 3 are 20-by-20 and 10-by-10 matrices respectively as follows: 1 1 1 1 2 2 1 3 2 1 1 2 2 2 2 1 10 1 2 1 2 1 1 1 1 2 2 1 3 2 1 1 2 2 2 2 10 2 1 2 1 2 1 1 1 1 2 2 1 3 2 1 1 2 2 2 10 2 2 1 2 1 2 1 1 1 1 2 2 1 3 2 1 1 2 2 10 2 2 2 1 2 1 2 1 1 1 1 2 2 1 3 2 1 1 2 10 2 2 2 2 1 2 1 2 1 1 1 1 2 2 1 3 2 1 1 10 1 2 2 2 2 1 2 1 2 1 1 1 1 2 2 1 
18 3 6 12 18 12 0 15 6 3 6 12 12 3 18 15 12 12 3 18 3 3 6 0 6 6 15 18 6 15 6 18 12 3 6 3 6 6 6 9 6 0 6 9 9 3 3 18 15 3 15 12 12 9 3 12 3 12 9 9 9 6 15 18 18 9 12 0 15 0 15 15 18 18 12 0 9 0 12 6 12 3 12 12 9 6 0 12 18 15 18 15 9 3 9 0 6 15 18 18
Remark 2.1. Since a generalized quadratic residue code of length 20 is invariant under the permutations of the coordinates p c : x t → x t+1 of order 19 and p s : x t → x 4t of order 9, the automorphism group Aut(O 40 ) has a subgroup Γ of order 342 which arises from p c , p s and the change of sign (cf. [14, Section 3] ).
Types of 4-vectors
Let S be the set of the 4-vectors of O 40 . By the theory of modular forms (cf. e.g. [13, Chapter 7] ), one has |S| = 39600. It follows immediately from min(O 40 ) = 4 that
The type of v ∈ S is defined by
By definition t 0 (v) + 2(t 1 (v) + t 2 (v) + t 4 (v)) = 39600 and t 4 (v) = 1 for all v ∈ S. Using the function qfminim of PARI/GP, we obtain the list of the elements of S. It turns out by direct calculation that 18 types appear for the vectors of S, and then we divide S into subsets S 1 , . . . , S 18 which each consist of vectors with the same type, see Table 3 .1.
Similarly, for 1 ≤ i ≤ 18 the S i -type of v ∈ S i is defined by Further, for 1 ≤ j ≤ m i we compute the S i,j -type of v ∈ S i,j defined by
It turns out that the vectors of S i,j have the only S i,j -type, see Table 3 .2. This implies that S is ultimately divided into 64 subsets S i,j 's by the types. We call S i,j an irreducible subset and t i,j an irreducible type from the fact. If S has an irreducible subset with an irreducible type [ 78, 0, 0, 1 ] then O 40 contains a 4-frame. But we do not know whether the converse holds true. Therefore we count directly the numbers of orthogonal 4-vectors contained in O 40 in the next section.
Here 40 vectors chosen appropriately from S 1,1 ∪ S 18,1 form a basis of the lattice M described in Lemma 1.4, and thus M ⊂ O 40 . Then by computing one can easily verify that there is an unimodular matrix U of rank 80 such that 
is the set consisting of 2 orthogonal vectors v,u and all 4-vectors perpendicular to these 2 vectors, and by definition
If One has max v∈S/Γ (|S(v)|) = 32 by Table 4 .1, and thus n(O 40 ) = 32.
By Lemma 4.1, O 40 does not contain any 4-frames, and thus a proof of Theorem 1.1 has been completed. Actually we can take a basis {v
The Gram matrix with respect to {v ′ 1 , . . . , v ′ 40 } is given in Section 6. Let B ′ be the matrix such that 
Note that g preserves the type of S. Hence putting B ′ := t ( t b ′ 1 , . . . , t b ′ 40 ) and V := t ( t v 1 , . . . , t v 40 ), we see that b ′ 1 gV, . . . , b ′ 40 gV each belong to the same irreducible subset with v ′ 1 , . . . , v ′ 40 . Then we enumerate all the matrices X := t ( t x 1 , . . . , t x 40 ) satisfying the following conditions:
• Each row vector x i belongs to the same irreducible subset with v ′ i and particularly x 2 belongs to a fixed complete set of representatives for S 7,7 /Γ , where |S 7,7 /Γ | = 4 by computing.
). Exploring on a computer, it is shown that there are exactly 2 matrices X 1 ,X 2 with these properties. Since Γ acts transitively on each Γ -orbit of S 7,7 , for every g ∈ Aut(O 40 ) there is an element γ of Γ such that B ′ gγV = X 1 or B ′ gγV = X 
Therefore Aut(O 40 ) is isomorphic to the semidirect product of g 2 and g 1 . Regarding Z/19Z and Z/36Z as additive groups, this implies that there is the following isomorphism:
where ψ is the homomorphism given in Theorem 1.2, and thus the proof has been completed.
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